Introduction.
Bhattacharya [B] and Risler and Teissier [T] Here eo(I\J),-■ ■ ,ed(I\J) are all positive integers, called the mixed multiplicities of I and J. Rees [Rl] observed that e0(I\J) -e(I) and ed(I\J) = e(J) where e denotes multplicity. A fundamental contribution of Risler and Teissier is to identify ei(I\J) as the multiplicity of an ideal generated by d -i elements from / and i elements from J chosen "sufficiently generally." Rees has reinterpreted the phrase "sufficiently generally" by introducing the concepts of joint reductions [R4] and independent set of general elements of a collection of ideals [R3] . Let R[Jt] denote the Rees algebra of the ideal J, N denote its maximal homogeneous ideal (m,Jt) and set T = R[Jí]n-The purpose of this paper is to prove that e((I,Jt)T) = eo(I\J) + ---+ ed_i(I[J).
In particular,
In §2, we recall the necessary definitions and results. §3 is devoted to the proof of the main theorem. In §4 we specialize to two-dimensional regular local rings and recover a formula due to Huneke and Sally [HS] which originally inspired our main theorem. Finally we present an example in §5 which illustrates our main theorem. Therefore, it follows that e¿(/|7) = e(I) for all i.
(2.3) Recall that an ideal K C I is called a reduction of I if there is a positive integer n such that KIn = In+1 [NR] . It easily follows that e(K) = e(I). Moreover, if L is a reduction of J then KrLs is a reduction of F Js for all positive integers r and s. Thus (2.5) An element x e R is said to be integral over an ideal J of R if x satisfies an equation of the form xn + aixn_1 H-1-a" = 0 where a¿ € P for i = 1,..., n.
Equivalently, x is integral over I if and only if for some n, 1(1, x)"_1 = (I,x)n. In other words, / is a reduction of (I,x). It follows from this fact that an ideal I C J is a reduction of an ideal J if and only if every element of J is integral over I. Elements of R which are integral over / form an ideal which we denote by Ia.
An ideal J is called a complete ideal ii I = Ia. 
For j = 0 the above sum reduces to^(
Suppose that we have proved that the equality is true for j = 0,1,..., q -1. Then we show it for j = q
The first sum in the above equation is zero by Lemma 2.6 and the second sum is equal to 1 by the induction hypothesis. r + 1 2 Proof (R. Sivaramakrishnan).
Write Sr(n) = V + 2r +-\-nr. By [Ri, p. 159] we have the identity
Change r to r + 1 to obtain
The lemma is trivial for r = 1. Assume that it is proved for all positive integers less than or equal to r -1. By the induction hypothesis we get
REMARK. For further discussion of Sr(n), see [Ra, Chapter 1] where Sr(n) is expressed in terms of Bernoulli polynomials.
3. The main theorem. Now we make use of the Bhattacharya polynomial of / and J to compute l(R/In~lJl).
We may assume that the Bhattacharya function of I and J coincides with the Bhattacharya polynomial of I and J, since this assumption does not affect the leading coefficient of the Hilbert polynomial of K. Therefore we obtain, by setting ek = ek(I\J) for k = 0,1,... ,d,
= E E (*) (" ; k) (ek/dl)nd-k-(-iy ± ,** + ... Hence e(K) -e0 + ei +-h e<¿_i and the proof is complete. This formula originally inspired our main theorem. We recover it as a consequence. First we need to recall some results concerning complete and contracted ideals in a two-dimensional regular local ring. An ideal / of R is called a contracted ideal [ZS, Appendix 5] if there is an x e m\m2 such that IR[m/x] C\ R = I. Zariski [ZS, Appendix 5] proved that a complete m-primary ideal is contracted, a product of contracted ideals is contracted, and a product of complete ideals is complete. The theory of complete ideals in two-dimensional regular local rings was founded by Zariski in [Z] .
Lipman [L] and Rees [R2] proved that if I is an m-primary contracted ideal of R then p(I) =minimum number of generators for I -1 +o(I). Huneke [H] proved that the converse is true provided R/m is infinite. Now we are ready to prove Since mn is complete for all n, o(I) = o(Ia). Also, ei(m|7) = ei(m|J0). Therefore we may assume that / is a complete ideal. Hence I is contracted and consequently ITms is a contracted ideal for all positive integers r and s. Therefore p(Irms) = s + ro(I) + l. (by [H, Theorem 7.2] ). Therefore ei(m|7) = o(I) which finishes the proof.
5. An example.
Let (R,m) be a three-dimensional regular local ring with (x, y, z) a regular system of parameters, i.e., m = (x,y,z).
Let J and / denote the ideals (x,y2,yz,z2) and mJ respectively. We show that e(R On the other hand, e(rnJ) = e0(m\J) + f J ei(m|J) + ( j e2(m\J) + e3(m\J) = l + 3(ei+e2) + e(J).
Since yz is integral over J, e(J) = e((x,y2,z2)). Since R is Cohen-Macaulay e((x,y2,z2))=l(R/(x,y2,z2))=4.
Therefore, e(mJ) = 5 + 3(ei + e2). We now calculate the mulitplicity of I -mJ by calculating its Hilbert polynomial. For all n, In = (x2n,...,x2n-i(y,zY,...,xn(y,z)n, xn~\y, z)n+2,..., xn~% z)n+2\ ...,(y, z)3n).
Therefore, l(R/In) =the number of monomials of the form x% (y3zk) Especially their help in calculating the Hilbert polynomial in §5 is well appreciated.
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